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Abstract. Let M be a closed, oriented manifold. We prove that the quasi- 
isomorphism class of the Frob^-bialgebra structure on H* (M) induced by the 
open TFT on Q* (M) is a homotopy invariant of the manifold. This is a three 
step process. First, we describe the Frob^ -bialgebra on H*(M) induced by the 
partial Frob 1 ^ -bialgebra on Q*(M). We then describe the Frofe^-bialgebra on 
H*(M) induced by the cyclic Coo-algebra on H*(M). Finally, we show these 
two .Frofoj^-bialgebras are the same. Since the cyclic Coo-algebra is a homotopy 
invariant, this proves our claim. 
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1. Introduction 

In this paper, we investigate the algebraic structure on the differential forms of 
closed, oriented manifold fT(M) and the induced structure on its cohomology 
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H*(M). It is well known that H*(M) is a Frobenius abilgebra, i.e., there is a multi- 
plication and comultiplication, such that the comultiplication is a map of modules. 
The structure on fi*(M) which induce Frobenius bialgebra is less well understood. 
We provide a model for this structure and show that when we transfer the maps to 
H*(M), we obtain a Fro&^-bialgebra. We then show that this Fro&^-bialgebra is 
a homotopy invariant of the manifold. 

To do this, we recall in Section [2] the definition and properties of operads and 
dioperads. The main examples in this paper are 

(1) the cyclic Coo operad, which is used to describe the cyclic Coo-algebra on 
H*(M) induced by the wedge product and Poincare Duality, 

(2) the Frob^ dioperad, which is used to describe the Frobenius bialgebra on 
H*{M), 

We will also need to discuss the notion of partial algebras. These objects were 
discussed by Wilson, [W , in the context of operads. We extend the discussion to 
include dioperads. 

In Section [3j we discuss methods of transferring algebraic structures from a chain 
complex to its homology as a way to build minimal models. Kontsevich and Soibel- 
man show, given a contraction between an Aoo-algebra (A^,{m^}) and a chain 
complex B*, how to define an Aoo-algebra structure {m^} on B*, |KS| . Cheng and 
Getzler, [CGj . show that if A* is a Coo-algebra, then {m^} will be a Coo-algebra 
structure. In ([?], Appendix B), the authors provide an explicit way to transfer a 
Poo-algebra structure for an operad P. Following these methods, we describe how to 
transfer a Frofo^-algebra. 

With the abstract setting in place, the rest of the paper focuses on constructing 
a partial FVo&J^-bialgebra structure on fi*(M) in two ways. First, we consider the 
partial Frobenius bialgebra on Curr*(M), using ideas from topological conformal 
field theory. This construction makes use of the heat kernel K t : Curr^(M) — > 
Curr^(M), which can be thought of as a contraction between Curr*{M) and itself. 
The differential forms f2*(M) sit inside Curr*(M) as smooth currents, and we show 
that the partial Frofe^-bialgebra restricts to fi*(M). We apply the transfer theorem 
to obtain a Frob^-bialgebia structure onH*(M). 

The second approach for constructing a Fr ob^ -bialgebra is to define a functor 

cyclic operads —¥ dioperads 

to the map of cyclic operads CooOperad — > End(H*(Mj) to obtain FrotfL —> 
End(H*(M)). This will also be a Frofe^-bialgebra. We show in Section [6] that 
this Fro&^-bialgebra is the same as the previous one. Since (H*(M),{m n },PD) is 
known to be a homotopy invariant, this proves the claim. 

Remark 1.1. A note on terminology is in order. A Frobenius algebra consists of 
a vector space V with a commutative multiplication and a non-degenerate bilinear 
form (,), such that (a, be) — (ab,c). Using the language of operads, a Frobenius 
algebra is an algebra over the cyclic commutative operad. 

A Frobenius bialgebra consists of a vector space V with a commutative multipli- 
cation and cocommutative comultiplication A : V —> V ® V, such that A is a map 
of bimodules. That is, 



A(ab) = O(i) (8 (ffl(2)6) = (a&(i)) ® b(2)- 
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Frobenius bialgebras arise in the study topological quantum field theories. They are 
related to Frobenius algebras and sometimes referred to as Frobenius algebras. Since 
we discuss both structures, we will use Frobenius algebras and Frobenius bialgebras 
to make the distinction. 

Acknowledgements: This paper would not have been possible without the help 
and direction of Mahmoud Zeinalian. Scott Wilson has also been generous with his 
comments and ideas on the paper, which have helped in improving the paper. The 
author is also grateful for conversations with Jozef Dodziuk and Dennis Sullivan 
concerning topics covered in this paper. 

2. Operads and dioperads 

2.1. Cyclic operads. We first review the definition of an opcrad. Let 6 be the 
category of Z graded vector spaces over a field k of characteristic zero. 

Definition 2.1. An operad P in C consists of 

(1) objects P{n) in C with §„ action for n > 

(2) for m, n > and 1 < i < m, morphisms 



(3) a morphism r\ : k — » P(l) 

satisfying the following associativity and equivariance conditions, 

(1) For compositions of P(m) ® P (n) <g> P(p), the following associative condition 
must be satisfied: 



where r : P(n) <g> P(p) — > P(p) <8> P{n) is the transposition given by the 
symmetry, 

(2) the operation is o, is equivariant in the sense that 



on P(m)®P{n) where a € S(m), p € S(n), and <7o i( o is a block permutation 

A cyclic operad is an operad P such that the §„ action on P(n) extends to 
an action on §+ satisfying associative and equivariance relations. Here, S+ is the 
permutation group on {0, 1, 2, • • • , n}. The group §„ is viewed as the subgroup of 
permutations in §+ that fix 0. Let r„ be the cyclic permutation (0, 1, • • • , n). Then 
an opcrad P is cyclic if the §+ action satisfies the following. 

(1) If rj : 1 — > P(l) is the unit, then the following diagram commutes 



o, : P(m) ® P(n) -> P(m + n - 1) 



oj +p _ 1 (o i (g> 1)(1 (g> t), toil <i<j — 1 
®!)= j O for j < i < j + n - 1, 

^j^o^n+i ® 1)(1 ® t), forj + n<i, 



P(1)-^P(1) 




1 
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(2) For each m,n> 1, the following diagram commutes 



P(m) ® P(n) P(m + n - 1) 

P(m) <8> P(n) 



P(n) ® P(m) 



P(m 



T m+ „_1 



1) 



If V is a finite dimensional vector space with a non-degenerate bilinear form (,), 
then End(V) is a cyclic operad. The associative, commutative, and Lie operad are 
examples of cyclic operads, as shown in [GK . 

2.2. Dioperads. Dioperads model structures on vector spaces with products and 
coproducts, where the composition rule glues one output to one input. In this way, 
genus is never created. Dioperads can model Frobenius bialgebras, since the relation 
that the coproduct be a bimodule map does not have genus and can be described by 
grafting one output of a tree with one input of another tree. In contrast, dioperads 
cannot model bialgebras, since the requirement that the coproduct be an algebra 
map introduces genus. 

Definition 2.2. A dioperad P in C consists of 

(1) objects P(m, n) in C with an (S m ,S„) bimodule structure for m,n > 0, 

(2) for mi, m2, n i, n 2 > 1, 1 < * < 77i, and 1 < j < m 2 , morphisms 

iOj : P{m\,ri\) ® P(to 2 , 77 2 ) -> P{m\ + m 2 - l,rii + n 2 — 1), 

(3) a morphism r) : k — > P(l, 1) such that 

l °i (77 (8 /d) : fc ® P(to, n)^P(m, n), 



and 



01 (Id <E> 77) : P(m, 77))^>P(t77,, n) 



are the canonical isomorphisms. 



oj must respect the (S TO ,S„) bimodule actions. The conditions 



The morphisms 
are described in [G] , 

The augmentation ideal of a dioperad P, denoted P, is defined by P(l, 1) = and 
P(m, n) — P(m, n) for to + n > 3. 

If V is an object in 6, the endomorphism dioperad End°(V) is given by letting 
End°(V)(m, n) be the complex Hom(V® n , y® m ). The superscript indicates that 
only maps without genus are considered in the complex Hom(y® n , V® m ) and dis- 
tinguishes the endomorphism dioperad End°(V) from the endomorphism properad 
End(V). An algebra over a dioperad P is a dioperad map P — > End°(V). 

If V is an (S m ,S„) bimodule, V* is also an (S m ,S n ) bimodule. If / G V* and 
er e S m , then cr/ g V™ is defined by crf{x) = f(a(x)). The S„ action on V* is defined 
similarly. 

There is an equivalent definition of a dioperad as a monoid in a monoidal category. 
We describe the category of two leveled trees. A tree will be a finite, directed tree, 
with to inputs and n outputs. If every vertex has valence at least three, then T is 
said to be reduced. Each tree T has a global flow- a direction on the edges signifying 
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Figure 2.1. A 2 leveled tree. 





Figure 2.2. The equivalence relation in the definition 



inputs and outputs. Let Edge(T) be the set of edges of T, edge(T) be the set of 
internal edges of T, In(v) be the set of incoming edges at the vertex v £ T, and 
Out(v) be the set of outgoing edges at v. We assume that In(v) and Out(v) are 
labelled by {1, 2, • • • , |Jn(v)|} and {1, 2, • • • , \Out(v)\}. For a k- dimensional vector 
space V, denote by Det(V) be the top exterior power of V. The global inputs and 
outputs will also be labelled. A 2-leveled tree is a directed tree such that the vertices 
are divided into a top level and bottom level. Denote the set of vertices in the top 
level by N% and bottom level by We refer the reader to Figure 2.1 We let T be 
the category of graphs and T 2 be the category of 2 leveled trees. 

If {P(m,n)} and {Q(m,n)} are collections of two (S m , S„)-bimodules, their com- 
position product is given by considering the collection of two leveled trees, identifying 
vertices of the top level with elements in P(m, n) and vertices in the bottom level 
with elements in Q(m,n). The composition product of P and Q is given by 

Q®P= (® ffeT 2 ® veNa Q(\Out(v),In(v)) ® k ® veNl P(\Out(v)\, \In(v)\)) / ~, 



to connected 



where the equivalence is explained in Figure |2.2| . 

The connected composition product E3 C is obtained by restricting t 
two leveled trees. The unit I for this monoidal product is 



I(m, n) :- 







for (m, n) = (1, 1) 
otherwise. 



In [G], another product is defined on the category of §-bimodules, denoted □. It 
is obtained from E3 C by restricting over saturated two level trees. A vertex v £ T is 
saturated if every path from a leaf vertex to a root vertex passes through v. A tree is 
called saturated if every vertex is saturated. Then if Pi and Pi are two S bimodulcs, 
define P 1 □ P 2 by 



(2.1) 



{P 1 BP 2 )(m,n)= © 8^i<& ve i-i p i(Pvt(v),In(v)), 

(T,l) 
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where the sum is taken over all saturated 2 level labeled (m,n) trees (T,l). This 
product has a nice property with respect to Koszul duality, which we describe in 
Proposition |2.4| after defining the cobar complex. 

Example 2.3. We describe the free dioperad. Let E(m, n) is a collection of (S m , S„) 
bimodules. Then for a tree T, let E(T) = <Ei v eTE(Out(v),In(v)). The free dioperad 
3{E) generated by E is given by 

J(E)(m,n)= 25(T)/~, 

(m,n) trees 

where the equivalence relation is the one described in the composition product M 
(see Figure [gig]). 

Suppose {E(m, n)} is an (S m ,8 n ) bimodule, such that E(m,n) = for all (m,n), 
except £7(2, 1) and £7(1,2). Take the free dioperad generated by E. Let (i?) be an 
ideal generated by #(1,3) C SF(E)(1,3), #(3,1) C 5"(£)(3, 1), and #(2,2) C J(2,2). 
Then the quotient dioperad 3(E) /(#) , denoted (E; R) , is called a quadratic dioperad. 

Let P = (E; R) be a quadratic operad. The quadratic dual of P is a dioperad P = 
(£' v ; # ± ), where E v (m, n) = E* ® (Sgn m ® Sgn n ) and #- L (m, n) is the orthogonal 
complement of #(m, n). 

Let DetiT) be the one dimensional vector space Det(k Ed9e ^) and det(T) = 
Det(k ed9e ( T )). Given a dioperad P, the co&ar complex of P(m,n), denoted C(P) is 
a bicomplex ^(P (to, n)) where the differential is the sum of the differential induced 
by the differential of P, denoted d' , and the differential induced by edge contractions, 
denoted d" . Looking at d" differential, we get a complex 

P(TO,n)*^ P* (T) ® det{T) ^ P* (T) ® <fei(T) ^ • • • , 

|ed fl e(T)|=l |ed S e(T)|=2 
reduced (m,n) trees reduced (m,n) trees 

where P(to, n)* is placed in degree one. 

The cobar dual D(P) is given by A _1 (C(P)). The chain complex with d" is given 

by 

P(TO,n) v ^ P* (T) ® Det(T) P* (T) ® Det(T) ^ ■ ■ • , 

|ed 9 e(T)| = l |e£i 5e (T)|=2 
reduced (m,n) trees reduced (m,n) trees 

where P(to, n) v is put in degree 3 — m— n. The bimodule P(to, n) v is P ® (Sgn m (8 
S'flrrin). 

Recall that a dioperad P is Koszul if there exists a dioperad Q such that D(Q) — > P 
is a quasimorphism. The dioperad Q is said to be Koszul dual to P, and is denoted 
by P ! . 

Proposition 2.4 ([U], Proposition 5.9). Let P = (E;R) be a quadratic dioperad 
A(n) := P(n, 1) and P(n) := P°p(ti, 1). 

(1) If P is a Koszul dioperad and P(m,n) = A □ B° v {m, n) /or (m,n) = 
(2,2), (2,3), and(3,2), ffcen P = A □ P op . Similarly, if P(m,n) = □ 
B(m,n) for (m,n) = (2,2), (2,3) and (3, 2), tfien P = A op □ B. 

(2) P = A □ P op i/ and only if P ! = P !o *> □ A'. Similarly, P = A op E\ B if and 
only if P ! = B- □ A !o p 
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(3) If A and B are Koszul, and P = AE\ B op , then P is Koszul. Similarly, if A 
and B are Koszul and P = A op □ B, then P is Koszul. 

2.3. Probenius dioperad. The Frobenius dioperad, denoted Frob is generated 
by an element in m £ E(2, 1) and A £ £(1,2), each with trivial § 2 actions. The 
generators are required to satisfy the following relations: 

(to 1 o 1 to) — (m 1 o x m)cr, (m 1 o 1 to) — (m 1 o 1 m)a 2 

(A 1 ox A) - <j(A 1 01 A), (A 1 o x A) - (J 2 (A n 0l A) 

(A 1 oj to) - (to 1 o! A), (A 1 oj m) - (to 1 o 2 A), 

(A 1 o 1 to) - (m 2 o x A), (A 1 o 1 m) - (m 2 o 2 A), 

where a — (123) € S3. The superscript in Frob , which we use to distinguish it from 
properads, emphasizes that we are considering only genus zero operations. Note that 
Frob°(m, n) is one dimensional for each to and n. 

From Proposition 2.4 we can see the following equality: Frob — Com op □ Com. 
It is then Koszul, with Koszul dual Lie □ Lie op . Algebras over Lie □ Lie op are Lie 
bialgebras, so we denote the dioperad by BiLie . The dioperad BiLie is generated 
by elements I £ E(2, 1) and 6 £ E(l, 2) using the sign action of § 2 . Its relations are 
spanned by 

(ho 1 I) + (l 1 o 1 l)a + (Zio^cr 2 
(5 t o 1 5) + a(S ±o 1 5) + a 2 (5 x o x 5) 
$ 1 °i - (1 1 °i S) - {1 1 o 2 5) — (i 2 °i 5) - (Z 2 °2 5). 

2.4. Functor from cyclic operads to dioperads. Given a cyclic operad P, we 
show how to obtain a dioperad denoted T>(P). To see why such a construction is 
possible, we consider the case of the cyclic endomorphism operad End cyc (V) . If V is a 
finite dimensional vector space with a non-degenerate bilinear form (, ) : V ® V —> k, 
then End(V) is a cylic operad. The action is given by viewing a map / : V® m —> 
V as 

f : V® m+1 -> k 

(V0,--',V m ) l-> (f ,/(fl,--- ,Dm)). 

If / is viewed graphically as a tree with to whose leaves are labeled 1, • • • , to and a 
root, then / is the same tree, with the root labeled by 0. 

The maps Oj : End(V)(m) (g) End(V)(n) — > End(V)(m + n — 1) are defined by 
grafting the root of one tree to the edge with label j to the other tree. For / : V m — > k 
and g : V n — > k, if j ^ 0, let / g be / that is, 

foi9-V m+n ^ fe 

(«0, ' ' ' , V m +n-l) (vo,fo i g(v 1 ,---,V m+n - 1 )). 

If the grafting occurs along a root edge, we define the composition rule as follows, 
fo g:V m+n -> 

(«0, • ' ■ ) V m +n-l) l-> (UOj ' • • . "m),"m+l, ' • • , «m+n-l))' 

The motivation for the definition can be seen from drawing the tree obtained by 
grafting to the root edge; we refer the reader to Figure |2.3| 

To this cyclic operad, we associated a dioperad denoted D(End(V j). Let D(End(V))(m, n) 
End cyc (V)(m+n — l). The (S m ,S n ) bimodule structure of "D(End(V))(m, n) is given 
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m+n=0 



Figure 2.3. The result of grafting two trees along their root edges. 
Note that the final leaf, to + n is relablled zero and designated to be 
the root. 

by viewing § m and §„ as subgroups of §^,„_ 1 . The group S m is viewed as a sub- 
group of S^ l+ „_ 1 by the usual identification (i.e. 1 h> 1, 2 i-> 2, ■ ■ ■ , m i-> to). The 
group S n is a subgroup of S^ +n _ 1 given by the identification 1 i->- to + 1,2 i->- 
m + 2, ■ ■ ■ ,n— li->m + n— l,ni->0. 

To define the jo^ maps, we use the maps / o^- g along with the r n . If / is a tree 
with toi inputs and n\ outputs g is a tree with to 2 inputs and n 2 outputs, then 
/ i Oj g is a tree with toi + m 2 — 1 inputs and n\ + n 2 — 1 outputs obtained by 
grafting the i th output of g with the j th input of /. For / and g, where the trees 
have only one output, we interpret the i th output of g to be the root of g after T l n 
has been applied to g. We then apply t~ 1 to undo the application. In summary, 
f i°j 9 = ^(1 OjT^ig)). 

This construction works for general cyclic operad, defining a functor 

D : {cyclic operads} — > {dioperads}. 

Let P be a cyclic operad. Then define CD(P)(m, n) to be the object P(ra+n— 1). The 
(S m , S n ) bimodule structure is inherited from the S^ +m _ 1 structure on P(m + n— 1), 
using the same identifications as above to view S m and §„ as subgroups of S^ +n _ 1 . 
Since t % and oj maps are defined for any cyclic operad, the jO^ maps can be defined 
in the same way as above. 

If we have a cyclic operad morphism / : P — > Q, there is a corresponding dioperad 
morphism D(P) -4- D{Q). The morphism is defined by sending D(P)(m, n) = P(m + 
n- 1) to f(P(m + n- 1)) C Q(m + n - 1) = T>(Q)(m,n). 

Proposition 2.5. T/iere eiisfe an exact functor 

{cyclic operads} — > {dioperads}, 

which sends the cyclic endomorphism operad to the endomorphism dioperad. 

Proof. The functor is defined above. It is an exact functor because given an exact 
sequence 

> P l+1 -> P t -> • • • , 

the terms in the induced sequence 

■■■-»• D(P i+ i) -»• -»• D(P-i) -»■ • • • 

are the same. The difference between P and D(P) lies in the actions and gluing 
compositions, but this is not used for exactness. So the induced sequence is exact as 
well. 

For the claim about the cyclic endomorphism operad going to the endomor- 
phism dioperad, note that T>(End(V))(m,n) is the bimodule Hom(V® m+n ~ 1 , V) = 
V® n+m . Using the isomorphism between V and V*, we can write this as V*® m ® 
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V n = Hom(V® m ,V® n ), so D(End(V)) is at least a sub-dioperad of the endomor- 
phism dioperad. 

Again using Horn- Tensor adjunction and the isomorphism given by (,), an ele- 
ment in Hom(V® m ,V® n ) can be written as an element in Hom(V® m+n ~ 1 , V). So 
D(End(V))(m, n) has all elements of the (S m ,S n ) bimodule of the endomorphism 
dioperad End(V)(m, n). □ 

Corollary 2.6. Let V be a finite dimensional vector space. A Frob^- algebra struc- 
ture on V defines a Frob^-bialgebra structure on V. 

Proof. It is known that a unital Frobenius algebra (that is, a unital cyclic commuta- 
tive algebra) is the same as a unital, counital Frobenius bialgebra, (see for instance 
[X]). One direction can be seen by proving that the cyclic commutative operad goes 
to the Frobenius dioperad. 

Let Com be the commutative operad, where Com(n) is the one dimensional space 
with trivial S„ action. This operad is generated by Com(2) with the relation that all 
ways of repeatedly gluing Com{2) with itself are equivalent. We see that D(Com) 
is generated by D(Com(2,l) and D(Comm) (1,2), with the relation that any way 
of obtaining an element in T>(Com)(m,n) through gluing generators are equivalent. 
The Frobenius dioperad is described in the same way, so CD (Com) = Frob . 

A Coo operad, denoted (T(Com), d) is a cofibrant model for Com; that is, T(Com) 
is a free operad, with a differential such that (T(Com),d) — » Com is a quasi- 
isomorphism. Since T> is an exact functor, when we apply © to (T(Com), d) — > Com, 
we obtain a quasi-isomophism T>{T(Com), d) — > Frob . 

To show that D(T(Com)) is a free dioperad, we use DD(Com) as a model for 
T(Com), where D is the cobar dual functor. We claim T){p(Com)) is isomorphic to 
B(D(CW)) = D(Frob°). 

□ 

2.5. Algebras over cyclic operads and dioperads. As mentioned earlier, oper- 
ads and dioperads are used to model algebraic structures on vector spaces. If P is a 
cyclic operad or dioperad, then V is a P-algebra if there is a map of cyclic operads 
or dioperads 

P -> End(V). 

Let P be a quadratic dg operad or dioperad and P' be its quadratic dual. Then 
P is Koszul if D(P-) — s- P is a quasi-isomorphism. The interest in D(P-) arises from 
the fact that Poo-algebras are algebras over D(P ). That is, a chain complex A* is a 
Poo-algebra if there exists a map of dg operads 

D(P ! ) -> End(A*). 

Markl, in [M], shows that algebras over resolutions have properties that one would 
expect a homotopy algebra to satisfy. For example, if a Poo-algebra A is chain equiv- 
alent to a chain complex B, then B is a Poo-algebra and the chain maps in the 
equivalence extend to Poo-algebra morphisms. Sullivan, in [S], discusses generaliza- 
tions of this feature to include dioperads and properads. 
We define a functor functors 

V : cyclic operads — > dioperads 

which will be used to construct Frofr^-algebras. This functor D is exact, so it 
sends resolutions to resolutions. Furthermore, if D(P ! ) — > End cvc (A*) is a cyclic 
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Poo-algebra, then applying D to the cyclic operad map results in a map of dioperads 
D(D(P ! )) -> End°(A.,). Since D(B(P ! )) is a cofibrant resolution for the dioperad 
D(P), the dioperad map defines a 2)(P)oo-algebra structure on A*. 

2.6. Partial algebras over cyclic operads and dioperads. We will be interested 
in situations when the algebraic operations on the vector space V have domains or 
ranges that are not V® n . These situations arise when looking at a coproduct on forms 
A t : n*(M) Sl'(MxM) or product on currents A t : Curr*(MxM) -> Curr*(M). 
We will call such objects partial algebra (coalgebra) structures, although there is a 
difference between these objects and the partial algebras found in |Wj . 

Definition 2.7. A domain for a cochain complex (A, d) is a sequence of complexes 
{Ai} such that 

(1) A 1 = A, 

(2) A® 1 is a subcomplex of Ai, 

(3) there is an S l action on A h such that for iH \-ik=i, A® h <g> • • • ® A® ik 

is an Si invariant subspace of A4, 

(4) Si equivariant maps A® 1 and Aj — > A 814 whose compositions induce 
the identity map on cohomology, 

Given a domain {Ai} for (A, d), we can form partial endomorphism operad or 
dioperad. The definition of domain so far includes an S„ action on A n . Let End (A) 
be the bimodule End (A)(m, n) — Hom(A m ,A n ). Given any / : A, — > Aj, we have 
a map 

/ : A® 1 >-+ A, -4 A j -> A®'. 
So if End(A) is an operad dioperad, End (A) is an operad or dioperad using the maps 
in Q as above to define the composition maps. For example, for / : A^ —> Aj 1 and 
g : Ai 2 — > Aj 2 , let / , °j g be defined by 

We focus mainly on the partial endomorphism dioperad. The partial endomor- 
phism dioperad is denoted End {A) a {m, n) — Hom(A m , A n ), (where the superscript 
indicates only genus zero operations are considered). If P is a dg dioperad, then 
A is a partial P-algebra if there is a map of dg dioperads, P — > End (A). 

Remark 2.8. This definition of domain differs from the one found in [W . In 
there, each Ai is a subcomplex of A®*, and the main example is the subcomplex of 
transversally intersecting chains in C* (M) . The difference is mostly formal and the 
methods used in one situation translates in an obvious way to the other situation. 

3. Transfer of structure 

3.1. Transferring A^ and Coo-algebras by a contraction. Let A and B be 

cochain complexes over a field of characteristic zero. A contraction (/, g, H) consists 
of chain maps / : A — > B, g : B — > A, and a chain homotopy H : A — > A[l] such that 

(1) fog = Id B , 

(2) d A H + Hd A = go f - Id A . 

Let A be a Coo-algebra with maps : A[— 1]®" — > A[— 1], Then B can be given a 
Coo-algebra structure such that g can be resolved to a Coo-algebra map. We describe 
the transfer map using trees. Let T be a planar tree with n inputs and one output. 
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Figure 3.1. The tree above defines a map 
by / o m 3 (Id H ® H) o (Id (g>m 4 (g> m 2 ) o g® 7 . 



B® 7 -> B given 



Associate to the input edges the map g and the output edge the map /. To each 
interior vertex of valence k associate the map m^. To each interior edge associate 
the m ap H . Then T defines a map : B{— 1]®" — > B[— 1]. We refer the reader to 
Figure 3.1 for an example of a map defined by a planar tree. Then is defined as 



the sum 



E 



trees T 
with n inputs 



We can define maps G n : B[— 1]®" — s- A[— 1] in the same way as m^, keeping all 
the same association of edges and vertices to maps, except associating the output 
edge with the homotopy H. 



Theorem 3.1 ( |CG| . Theorem 12). Let (A,m„) be a Coo-algebra and (f,g,H) be a 
contraction between A and B. Then (B, m^) is a Coo-algebra and {G n : B[— 1]®" — > 
A[— 1]} is a Coo-algebra morphism. 

This method of transferring structure works for Aoo and Coo-coalgebras as well. 
The only difference is that trees with one input and n outputs are considered. 
Suppose {c„ : A[— 1] — s- A[— 1]®"} is an Aoo-coalgebra structure on A. Then 
: B[—l] — > B[—l]® n is defined as the sum of all maps c^, where T is a tree 
with one input and n outputs. 

Given a chain complex A with domain {Ai} and a dg operad P, a partial P- 
algebra is then a map of dg operads P — > End (A). A partial ^oo-algebra structure 
on A with domain {A n } is then given by maps m n : A n — > A satisfying the same 
compatibility relations. 

We want to transfer partial ^loo-algebra structure by a contraction between A 
and B using the same methods described in this section. The definition of a domain 
allows us to do just that. To a corolla with i incoming edges and j outgoing edges, 
we associate a map Ai — > Aj. A general tree is obtained by grafting an outgoing 
edge of one corolla with an incoming edge of another corolla. We use the iOj compo- 
sitions, whose existence is assumed in the definition of complex to define the partial 
endomorphism operad End (A) , to associate to an (n, m)-tree a map A n — > A m . 



3.2. Transfer of partial Fro&^-bialgebra by a contraction. By definition of 
Koszul Duality, V>(BiLie°) — > Frob is a quasi-isomorphism. Then a vector space V 
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is a Fro&^-algebra if there is a dioperad map D(BiLie°) — > End(V). The complex 
?iLze°) is given by 



BiLie°(m,n)* 4 BiLie * (T) ® det(T) ^ BiLie°*(T) ® det(T) 

\edge{T)\ = l \edge(T)\=2 
reduced (m.n) trees reduced (m,n) trees 

The resulting trees have vertices labelled by elements in BiLie . We can think of 
the left most term in this complex as (m, n) trees with no internal vertices. The 
differential is induced by contracting internal edges. 

There are several equivalent definitions for Coo-algebras, we look for an analogous 
situation with .FYo&^-bialgebras. For our purposes, we look for analogous equiva- 
lence of the following two definitions of a Coo-algebra structure on a vector space 
V: 

(1) a Coo-algebra on V is a map of dg operads D(Lze) — > End(V) 

(2) a Coo-algebra on V is given by maps {m n : V[— 1]®" — > V[— 1]}, which vanish 
on the image of the shuffle product T C (V[-1}) ® T c (V[-l}) -> T C (V[-1}). 

The second definition can be stated as saying a Coo-algebra is an Aoo-algebra with 
the extra condition that the structure maps m n vanish on the image of the shuffle 
product. It is closely related to the map of operads Lie c — !► Ass — > Com, and the 
fact that Lie and Com are Koszul. 

We use the description of the Frobenius dioperad as Com op □ Com to set up 
the analogous situation of Coo-algebras in the dioperad setting. Denote the di- 
operad Ass op □ Ass by NC Frob since algebras over Ass op □ Ass are a kind of 
non-commutative Frobenius bialgebra. A vector space V is an NC Frob algebra if 
it has an associative product and a coassociative coproduct, A, such that 

A(ab) = d(i) ® a,(2)b = a6(i) ® 6( 2 ). 

Denote the dioperad Ass op □ Ass by eBi°, since algebras over this dioperad are 
infinitesimal bialgebras. A vector space V is an infinitesimal bialgebra, or e bialgebra 
for short, if it has an associative product and a coassociative coproduct such that 

A(ab) = O(i) ® a(2)6 + (-l) |a| a6 (1) ® 6 (2) . 



By Proposition 2.4 AC Frob and e£?i° are Koszul dual dioperads. A vector 
space V is an NC Fro&^-algebra if there is a dg dioperad map 

D(eBi°) -> End(V). 

An element in D(eBi°) is represented by a tree whose vertices are labeled by elements 
in eBi°. But elements in eBi° — Ass □ Ass op are two level trees whose vertices are 
labelled by elements in Ass or Ass op . To define a dg dioperad map V)(eBi ) — > 
End(V), we need to define maps m T e End(V) to trees T € D(eBi°) which respects 
the differentials. 

In Section |3.1[ we showed how an Aoo or Coo -algebra can be transferred by a 
contraction. Then it was shown how to transfer a partial ^oo-algebra. In this 
section, we discuss how to transfer a Frob ^ -bialgebra structure by a contraction. 

Let (A*, d) be a cochain complex, and suppose D(e_Bi°) — > End (A*) is a map of 
dg dioperads. Then given a contraction, with chain maps / : A* — > B*, g : — > A*, 
and chain homotopy H : A* —> B*, we can define a map of dg dioperads D(e_Bi°) — )• 
End°(B*). Let T whose vertices are labeled by elements in eBi°. Associate the 
chain map g to the input edges, the chain map / to the output edges, and the chain 
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homotopy H to the interior edges. The map V)(eBi) — > End(A*) associated every 
element in eBi to a map in End{A if ). Associate to each vertex of T labeled by an 
element in eBi the corresponding map in End(A^). This associates to each tree T 
Given any T £ D(eBi°), we get a map m T £ End(B^) through this process. 

Lemma 3.2. Let D(eBi°) —> EndP(A^) be a map of dg dioperads and (f,g,H) be a 
contraction between A* and B* . Then 

B(eBi°) -> EruP(B*) 
T -> m T 

is a map of dg dioperads. 

Proof. We need to show the map respects the differentials. Since the differential for 
eBi is zero, the differential for D(eBi°) is induced by edge contractions, which we 
denoted by d". Then 

d"(T)= J2 T' i °j T", 

T',T" 

where T' and T" are trees such that when one edge in T' j Oj T" is contracted, we 
obtain T. 

The argument is similar to the one for transferring A x - algebras. Consider m T 
and take [m T ,d\. Using the fact that / and g are chain maps, and (A, d, {wiij}) is 
a -FVofrS^-bialgebra, we can move the differentials inside the graph, until it meets an 
interior edge. Then at the interior edge, we have dH + Hd = g o f — Id a- The trees 
with Idji cancel, because the trees we are summing over compositions of m T and 
m T , and A* is a Fro&^-bialgebra. 

We are then left with trees with go f. If we split the interior edge into two trees, 
with the map / associated to the upper tree T' and g associated to the lower tree 
T" , we see that the upper tree is exactly m T and the lower tree is m T . So the map 
respects the differentials. □ 

Using the arguments in |CG] , which showed that when {A*, {m n }) is a Coo-algebra, 
the transferred structure on B* is a Coo-algebra, we have the corollary. 

Corollary 3.3. If (A*, {m i: j}) is a Frob^-bialgebra, then (£?*, {mfj}) is a Frob ^- 
bialgebra. 



The argument in Lemma 3.2 applies to partial structures as well, provided that 
we can associate a tree to a map on the domain of the partial Fro^-algebra. This 
will be the case when A* = ft*(M) for A, = tt*(M xi ) and A* = Curr*(M) and 
Ai — Curr* (A/ XJ ). We need to make use of kernels and the Dirac delta distributions 
to define the maps. 



4. Topological conformal field theories 

Let M be a compact Riemannian manifold. Then W (M) is a differential graded 
commutative algebra, so it is a Coo-algebra. Let Har*{M) be the harmonic forms. 
We show there is a contraction (p,inc,H) where inc : Har*(M) <^-> Vt*(M) is the 
inclusion and p : f2*(M) — ► Har*(M) is the projection onto the harmonic forms 
using the Hodge decomposition. 
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We have the following operations 

d-.n*(M) -+ n* +1 (M) 

d*:Q*{M) -> 0* _1 (M) 

A:ft*(M) ->• fi*(M), 

where A = [d, d*}. There is also an inner product (a, (3) = J a A */3. We can express 
e~ tA as an integral 

e~ tA a(y) = [ K t (x,y)a(y), 



where K t (x,y) <E fT(M x M x The operator e tA is called the heat operator 
and K t (x,y) is called the heat kernel. 

Definition 4.1. A heat kernel for A is an element 

K e C°°{R + ) <g> n*(M) <g> n*(M) 

such that the convolution operator K t : 0* (M) — > 0* (M) behaves like e~* A where t 
is the coordinate on M + . This means that 

^-K t a = -AK t a 
dt 

\imK t a = a. 

t-s-0 

When f = 0, e _tA is the identity and at t = oo, e~ tA is the projection onto 
the harmonic forms. The chain map K t is chain homotopic to the identity. Let 
L t = d*K t . Then the chain homotopy between K t is an operator whose kernel is 
given by 

Jo 

Lemma 4.2. Let A and B be operators given by kernels K and K' e 0*(M x M). 
Then, 

(1) A is a chain map if and only if K is a closed form, 

(2) A and B are chain homotopic if and only if K and K' are cohomologous. 
Proof. Suppose A is a chain map. Then 

[A, d] = 

d J K(x,y)a(y)- J K(x,y)(da)(x) = 
J(dK(x,y)a(y)+ J K(x,y)(da)(x) - J K(x,y)(da)(x) = 

(dK(x,y))a(y) = 0, 

so dK(x, y) = 0. We can reverse this to get the converse. 

To prove the second part, it is enough to consider the case when A is null- 
homotopic. Suppose K(x, y) is exact. Then there is a form J, such that (d x + d y )J = 
K. Let J be the kernel of some operator C. We need to show that [d, C] = A. 

Since X is closed, Stokes's theorem implies J yeX d y (J(x,y)a)(y) = 0. This is 
rewritten as 



J (d y J(x,y))a(y) = J J(x,y)d y a 



(y)- 
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Since (d y + d x )J = K, we see that 

J d y J(x,y)a(y) + J d x J(x,y)a(y) = J K(x,y)a(y) 

J J(x,y)d y a(y) + J d x J(x,y)a(y) = Aa 

C{da) + dCa = Aa, 

which is what we wanted. Again, the converse statement is proved by reversing the 
order of equalities. 

□ 

The natural setting for this work is on currents. Let Curr*(M) be the linear dual 
of Q*(M). We will define a one parameter family of products and coproducts in 
which f2*(M) forms a sub-object. 

Given a € f2*(M), let [a] be the current [a]/3 — J M a A/3. This defines an inclusion 
fi*(M) <-> Curr*(M). We say [a] is a smooth current. 

Kernels can be used to define maps on currents. Let K l {x\, • • • , x£) be an element 
in Q,*(M X ' 1 ). Given a current C, let 

K i >j(C) = [C(x j )K i (x 1 ,--- , Xi )}. 

So K % 'i(C) is a smooth current in Curr*(M xl ~ 1 ). The representing form is obtained 
by applying C to the j th factor of K i e fl*(M xt ). Note that if C = [a], then 
K l [a] — [if* (a)], so that the definition of K l on smooth currents agrees with the 
definition of K l on forms. 

As they did on f2*(M), K t and L t define maps on Curr^(M). We keep the same 
notation, K t , L t : Curr*(M) — > Curr^(M), and dL t + L t d = K t — Idc urr - 

4.1. Cellular differential forms. We now define a form on the moduli space of 
mctriscd ribbon graphs. Let F(m, n) be the set of graphs with m incoming vertices 
and n outgoing vertices, and let 7 <G T(m, n). We will use T to denote a tree in 
r(m, n). An edge of 7 is external if one of its vertices are external and is internal 
otherwise. To each edge e of 7, we assign a length /(e) € M + . We impose the 
condition that a path which starts and ends at different outgoing external vertices 
has positive length. Denote the possible metrics on 7 by Met{^). Note that Met("f) 
is (M + )l e ( 7 )l where | e('y) j is the number of edges of 7. 
For each internal edge e of 7 there is a map 

Mei(7/e) =— > Met (7), 

whose image is the set of all metrics on 7 that take the value zero on e. 

Definition 4.3. A cellular differential form u £ Q l ceU (T(m,n)) assigns to each 
graph 7 e F(m, n) a form w 7 e Q'(Met(7),C) such that 

(1) Uy is Aut(7) equivariant 

(2) for each internal edge e, 

There is an integration pairing 
(4.1) J ■.C l {T{m,n))®W cell {T{m,n))^£. 
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We view r(77i,n) as a topological symmetric monoidal category as follows. The 
obejcts are the non-negative integers. The morphisms come from the continuous 
gluing maps 

T(l,m) x T(m,ri) -> T(l,n). 
And the monoidal structure comes from disjoint union, 

r(m,n) x T(s,t) -> T(m + s,n + t). 

We wish to consider chains on T(jn, n) with coefficients in a local system, det. For 
7 G r(m, n), let det("/) be the relative cohomology group of 7, 

det(7) = n™- x Wdet(i7*(7, [n])). 

With this background, we can define a form. Consider a = ot\ X • • • X a m G 
ft*(M xm ). For each edge e, let w e G fi*(Mei(7)) ® 0*(M x M) be 

w e = i^j( e ) + dl(e)Li {e) 

if e is not an incoming external edge, and 

( _ 1)P (0«(Af))|a| (K;(e)+ ^ (e)i;(e))ai 

if e is an incoming external edge with external vertex i. Here, p(Q*(M)) is the parity 
of the map ft*(M) -> Densities(M). 

To each edge e there is the two element set of half-edges H(e). Furthermore, since 
the edges are directed, there is an isomorphism from H(e) to {0, 1}. This allows us 
to view u e as an element in Q*(Met{~/)) <X> ft*(M xH ( e )). Let H(j) be the set of half 
edges of 7. We denote the tensor product of all oj c to get 

K 7 (a) = ® eei5(7) w e G n*(Mef(7)) ® ft*(M xff ^). 

For each vertex u G 7, let H v (j) be the set of half edges at 7. Since there is 
a cyclic order of the half edges, we can multiply the forms at the half-edges and 
integrate. This defines a map 

Tr v : Q*(M xH oW) -> ft*(M) ^ C. 
Applying Tr v at each vertex u G V(j) \ {outgoing vertex}, then, defines an element 

K^(a) = ® veV{l) \ {Vout }Tr v K 1 {a). 
Lemma 4.4 ([Cos , Lemma 4.5.1 ). K 7 (a) is non-singular. There is a map 

K y : ft*(M)®" -> ft*(Mef(7)) ® ft*(M)® m 
i/ioi commutes with the differentials. 

Lemma 4.5 ( [Cos] . Lemma 4.5.2). for aZZ a G ft*(Af xm ) 7 

^ 7 ( a )Ufet( 7 /e) = K l/e {a). 

Theorem 4.6 ( Cos , Theorem 4.5.4). There is a symmetric monoidal functor 
C*(T,deV>( n *W>) -> Compc sending 

n i-> ft*(M x ") 

where c is a chain in C sr (T(m,n),det p ^ ( M ))) and j c is the integration pairing be- 
tween (r(m, n)) and ft* eH (r(m, n)). 
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FIGURE 4.1. The subspace of the moduli space T(3, 1), where the 
metrics take the values in [0, t] on the internal edge, can be identified 
with the interval [— t, t]. The metrised (3,1) trees associated with 
the points — t, 0, and t in [—t, t] are drawn above. 



4.2. Subspaces of the moduli space. We consider certain subpsaces of the moduli 
space of metrised graphs and the cellular differential forms K n of the graphs in 
this space. Associating the graphs with maps on f2*(M) and integrating over the 
subspaces will define the Frobenius bialgebra we need. 

For example, consider the subspace of trees, i.e. genus zero graphs, with n inputs 
and one output. Furthermore, consider the metrics which take fixed values on the 
inputs and outputs, but varying between [0, t] on the interior edges. For n — 3, there 
are three graphs and the moduli space of metrics is a one parameter family. The form 
Kt, where T 6 T(3, 1) in our subspace, is exact, since it is a one form on R. The 
moduli space T(3, 1) is described as the interval [— t,t], where s £ [—t,t] represents 
the metric which takes the value s on the interior edge of the binary tree, and where 



represents the three corolla. See Figure 4.1 for a description. For n = 4, the 
moduli space is a pentagon. Continuing in this way, we obtain cells of the Stasheff 
associahedron. 

We obtain a Coo-algebra structure on f2*(M) by taking the cellular differential 
form Ky and integrating over the above cells in the moduli space. Integrating over 
these cells define maps m^, for each n, given by 

m^:0*(M)® n -> n*(M) 



«i <g> • • • <g> a n h> 



J K y (a). 



The map m|(a,/3) = K t a A K t j3 is strictly commutative but associative only up to 
homotopy. The homotopy is given by 

m\{a,P,i) = m\(L t m\{a, £), 7) + ml(a,L t mt(P , 7)). 

The definitions of the higher map s proceed in much the same many as transfer of 
structure described in Section [34] where the contraction is given by / = K t , g — Id, 
and chain homotopy L t . 

The form K n is exact, and so we can use Stokes's theorem to describe the boundary 
of m^. The boundary consists of integrating over cells of one lower dimension, which 
can be described as compositions of m\ and ro*, where i + j — 1 = n. These are 
precisely the relations for an ^loo-algebra. 

5. Constructing a partial Fro6oo- BIALGEBRA ON Curr*(M) 

5.1. Double forms 0*(M x M). We will briefly review some topics on Q*(M x M). 
The reader can find the material in |DR| . A differential form 7 € fi*(M x M) can 
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be viewed as a differential form in f2*(M) with values in fi*(M). That is, given local 
coordinates (x\, • • • , x n ) for U G M and (yi, • ■ • , y„) for U' € Af, 7 can be expressed 
as the sum 

where /^...r is a form that can be expressed as the sum 

^2 Cjl ... jt dy jl A • • • A dy^ 1 , 
where Cj 1 ...j q are real numbers. Then 7 is a p + q form, and can be expressed by 
70,2/) X!'-, ... , :,/.,■' A • • • A dx l ?)(dy jl A • • • A df"). 

The wedge product 7(2;, y) A 7' (a;, y) is defined in the obvious way, multiplying the 
dx terms and dy terms. We can also define the wedge product 7(2:, y) A a(x), where 
a{x) G Q*(M), where we use ony the multiplication in the dx coordinates. Given 
a(x) and j3(y), we have the double form a(x)f3(y) g fl*(M x M), which we refer to 
as the cartesian product of the forms. 

In W(M x M), we can take the differential in a single coordinate. We denote it 
d x or d y , and we have the relations 

4 = d 2 y = 
dx dy — dy d x • 

Similarly, given a chain in one of the coordinates, we can integrate the form in that 
coordinate, J xec a(x,y), which defines a form in Q*(M). 

5.2. Domain for Curr*(M). To define a part ial structure on Curr*(M), we need to 
specify a domain first (defined in Section [3T| ) . Consider {Curr* (M XI )}. Note that 
Curr^M)® 1 Curr*(M xl ) is a quasi-isomorphism, since over field coefficients, 
if*(M)® 4 = H*(M XI ). There is also an Si module action, induced by permuting the 
factors M x \ 

We need to define compositions of maps Curr*(M xl ) — > Curr*(M X; >), for various 
i,j > 0. This is achieved using kernels W(M xn ) and the Dirac delta distribution, 
denoted Kq. A distribution is a 0-current, i.e. the linear dual of smooth functions. 
It defines a map on forms by taking a local representation for a form and acting 
the distribution on the coordinate function. Currents are distribution-valued forms. 
Since distributions, in general, cannot be multiplied, they do not define maps on 
currents. We must be careful when using the Dirac delta distribution to define maps 
and make sure it is only applied to smooth distributions. 

Given maps m^.i : Curr*(M X11 ) —> Curr^(M) and va^ t \ : Curr*(M X12 ) 
Curr^(M), we define a map Curr4M il+i2 ^ 1 ) -> Curr*{M) as follows. Apply the 
map mjj on the factors of Curr st (M xll+l2 ~ 1 ) as given in the composition and apply 
K t to the remaining factors. This will give us an element in Curr :t (M X12 ) to which 
we apply rrii 2 . Note that the condition t > is necessary, since Kq is a distribution 
and cannot be applied to an arbitrary current. Since K t is chain homotopic to the 
identity, this change is manageable for our work constructing .Fro&in/£y -bialgebras. 

Similarly, we can define compositions of maps mi,^ , nii. 32 . In our case, the maps 
mi t j will land in smooth currents, so we can apply the Dirac delta distribution to 
the factors. 
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To define the Frofc 'lL-bialgebra, we will have maps rriij : Curr*(M yl1 ) — > Curr„(M yl ^). 
These maps will be compositions of maps of the form m» s i, fnij and L t . The defini- 
tion of composition extends accordingly. 

5.3. Partial Fro&^-bialgebra structure on Curr^(M). To define a Frofr^-bialgebra 
structure on Curr*(M), we need to define a dg dioperad map 

D(BiLie°) -> End°(CurrjM)). 

We first define the map on eBi° C D(ei3i ). Recall that eBi° is the infinitesimal 
bialgebra dioperad and its Koszul dual dioperad is NC Frob . Since O(e£?z ) is a 
free dioperad, the map on eBi° extends to D(eBi°). We then show that the map 
respects the differentials. Since eBi° and NC Frob are Koszul, the map D(eBi°) —> 
End {Curr* (M )) defines a non-commutative Frob ^-bialgebra. We then show that 
the maps are commutative and cocommutative, so that the maps define a Frob ^- 
bialgebra on Curr :t (M). 

The process can be viewed as a transfer of structure from Curr*(M) to itself 
by the contraction K t : Curr*(M) — > Curr^(M), the identity map Curr^(M), 
and homotopy L t : Curr^(M) — > Curr*(M). There is a coproduct given by the 
diagonal map A : Curr^(M) — > Curr*(M x M). From Section [3j we can transfer 
the structure to define a Coo-coalgebra on Curr^(M). Similarly, we can use the 
fact that Im(K t ) C Q*(M), and use the wedge product to obtain a Coo-algebra 
on Curr*(M). Carrying out this process involves considering binary trees with one 
input and j outputs for the coalgebra structure and binary trees with i inputs and one 
output for the algebra structure. Each such tree defines a map in End \Curr* (M)). 
These define dg operad maps. 

(5.1) D(Lie) -> End (CurrjM)) 

(5.2) D(Lie op ) -> End°(CurrjM)). 
We then use these to define 

ULie) -> End°(CurrjM)). 



The process starts by considering binary trees. 

Let T be a tree binary tree with i inputs and j outputs. To each such tree, there 
is a map 

mlf : Curr^(M xl ) -> CW*(M XJ ), 

obtained by identifying the input and output edges with K t , the vertices with A or 
At as determined by the valence, the internal edges with L t . 

Before showing that the maps mj'f defines a JYob jjL-bialgebra, we consider the 
cases when i or j is equal to one. When j = 1, we have a partial algebra structure. 
The multiplication m| i : Curr ie {M x M) —> Curr*{M) is obtained as follows. Given 
a double current A x B E Curr*(M x M), the heat kernel K t x K t is applied to 
A x B to obtained a smooth double current [ax/3]. Then the representing forms are 
wedged, so that m\ X {A X S) = [a A 0]. Note this product has degree — d, where d 
is the dimension of M. The higher maps m\ 1 are obtained by a process similar to 



the one found in Section 3.1 and as such defines a partial Aoo-algebra. Since the 
wedge product is commutative, Theorem 3.1 implies the maps {m\ ^ define a partial 



Coo-algebra. Note that m* x has degree — (i — l)d + (i — 2), since i — 1 is the number 
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FIGURE 5.1. The cell in T(2, 2) obtained by considering metrics 
which take values in [0, t] on the internal edge is identified with the 
interval. 

of times the degree — d operation is applied, and z — 2 is the number of times L t is 
applied (internal edges). 

We can continue the reasoning for m\ j : Curr*(M) — > Curr*(M x i). The map 
m\ 2 : Curr*{M) — > Curr*{M x M) is obtained by applying the A* : Curr*{M) — > 
Curr^iM x M) and then flowing the outputs for time t. The map is a degree zero. 
The higher maps m\ j is defined by compositions of m\ 2 and chain homotopy L t . 
We then obtain a partial Coo-coalgebra structure on Curr^(M). Note that m\ j has 
degree j — 2, since j — 2 is the number of interior edges, which counts the number of 
times L t is applied. 

In general, mJ'J is obtained by compositions of m\ 1 , m\ 2 , and L t . This means 
that mjj has degree — (i — 2)d + (i + j — 3). 

We claim that this defines Frob^ -bialgebra on Curr^(M). A general element in 
V>(eBi°) is represented by a tree with vertices labeled by elements in eBi — Ass □ 
Ass op . If the tree T is binary and the vertices are labeled by the identity element in 
Ass(2) or Ass op (2), then let m T '* G End°(C urr*(M)) be defined as above. If it is a 
binary tree, and the vertex is labeled by a transposition, apply the transposition to 
the inputs. If T is not a binary tree, let m T,t = 0. 

Theorem 5.1. For t > 0, There is a map of dg dioperads 

D{BiLie°) End a (CurrjM)) 

T ^ m T ' t . 

Proof. To show that the dioperad map respects the differentials, we view the maps 
m T '* as obtained by integrating over the moduli space. The map 2 is obtained by 
considering the binary trees with two inputs and two outputs. There are two such 
trees, after identifying trees by the equivalence relation in the cobar complex. The 
two trees have one internal edge, and when the metric takes the value zero, the two 
trees are identifi ed in the moduli space T(2,2). The cell is identified with [— t,t] as 
Then 62,2 = ft-t t] ^ ne boundary of this map is is given 
7711,2) — Wi,2 ^2,1 as desired. 
Because the maps m T,t are defined by compositions of m| l5 m\ 2 , and L t we can 
apply an inductive argument to show that the higher relations are satisfied. 

□ 

We obtain a Frob^ -bialgebra modeling (Curr^(M), {m T,t }) by considering the 
contraction K x : Curr t (M) — > H*(M), inc : H*{M) — > Curr^(M), and L x , where 
the inclusion is given by choosing the harmonic form a, such that the smooth 



shown in Figure 
by (777,2,1 ® 1) o ( 
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current [a] represents the homology class. Then we can transfer the structure 
over to H st {M). This process defines a Froo^-bialgebra algebra on H*(M), since 
H*(M xi )^H*(M)®\ 

For different s,t > 0, we have different Frofr ^-bialgebras on Cw*(M). But they 
induce the same Fr ob ^ -bialgebra on iJ*(M). To see this, it suffices to show it for 
m\ l and m\j, since the rest of the maps are described in terms of these maps. 

Lemma 5.2. Let s,t > 0. Suppose {to* ^ and {?n|i} are me Cco-algebra structures 
on H*(M) induced by (Curr*(M), {ml }) and {Curr st (M),{m t ii }) respectively. The 
maps to* 1 and m| x are equal for each i. Similarly, the maps Coo-coalgebra structure 
on H*(M) given by {to* •} and {mf •} are egwa/. 

Proof. The definition of to* j and to* x uses the inclusion H*(M) <—> Curr^(M), so 
we will be looking at smooth currents [a] where a is a harmonic form. The proof 
uses the following facts: 

(f) for a e Har*(M), K t (a) = a, since a € Ker(A) and tf t = e~* A , 

(2) for a e Har*(M), L t (a) = 0, since 

L t (a) = / d* K u (x,y)(a)du = / d*(a)du = 0, 
Jo Jo 

(3) for an exact form da, L t {da) is exact, since 

L t (da) = y d* x K u (x,y)d y (a)(y)du = d (^J d* K t (x,y)a(y)j . 

To show that m\ x : H«{M)® 1 ff.(M) and to* : H.«{M)® 1 -> H*(M) are equal, 
it suffices to show that the maps associated to the z-corollas are zero for n > 2. 

Recall that to* 1 : Curr*(M xn ) — > Curr*(M) is defined by taking the sum over 
all binary trees with i inputs and one output. We start with a\, ■ ■ ■ ,a t £ Har*(M) 
and apply At and L t in the order prescribed by the binary tree. The first fact implies 
aii A t (Xj — a.i A oij. The wedge product is not harmonic, but since it is closed, it 
can be written as the sum of a harmonic form and exact form. Then the second 
and third facts imply L t (on A ctj) is exact. So when we do perform the operations 
associated with the binary tree, we end up with an exact form. In cohomology, this 
map from H*(M)® n -t H*(M) is zero, as desired. 

The same reasoning applies to the coalgebra maps. □ 

5.4. Sub partial Fr ob%, -bialgebra on Q*(M). The maps m T '* € End (Cur r J M)) 
send smooth currents to smooth currents. This means that the smooth currents, 
(l*(M) <-> Curr*(M), are a sub-Frofe^ -bialgebra of Curr*(M). We wish to show 
a stronger statement. That when we dualize f2*(M) and its Frofc ^-bialgebra, we 
obtain the Frob ^ -bialgebra structure on Curr^(M). 

This statement almost follows by construction. Note that to*, 1 : Q*(M x M) — > 
W (M) is given by the composition 

Q*(M x M) K % Kt Q*(M x M) ° l Y Q*(M). 

Restricting to the subset Q*(M) <g> 0*(M), we see that m l 21 (a,l3) = K t (a) A K t (/3). 
When we take the linear dual of to*, 1; we obtain 

Curr,(M) Di A 9 * Curr,(M x M) K % Kt Curr,(M x M), 
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which is exactly the definition of to* 2 : Curr*(M) — > Curr^iM x M). The main 
work was in defining the partial structures appropriately. It did not seem necessary 
to define a partial algebra structure on f2* (M), since it is possible to define an honest 
algebra structure. But this would not allow for an easy comparison to Curr Sf (M). 

If T is a binary tree with a global flow, let T* be the same tree but with the 
opposite flow direction. So if T has i inputs and j outputs, T* has j inputs and i 
outputs. 

Proposition 5.3. Let (Curr* (M), {to T '*}) and (fi*(M), {m£'*}) be the Frob ^- 
bialgebra structures defined above. Then the linear dual of is equal to m T '*. 

Proof. The proof is immediate from the constructions of the structure maps for 
the Frob ^ algebra structures on f2*(M) and Curr^(M). Note that m^' 4 is the 
restriction of m T,t to fT(M XI ), viewing an element in fi*(M xl ) as a smooth current. 
But currents are covariant and differential forms are contravariant. So if we have 
a map /jj : M xt -» M XJ , on forms we get an induced map fi(M xl ) — > fi*(M XJ ) 
and thinking of forms as smooth currents, we get the linear dual Curr Sf {M Xj ) — >• 
Curr*(M xl ). □ 



6. HOMOTOPY INVARIANCE OF THE Frob^ -BIALGEBRA 

We now have two ways of obtaining a Frob^ -bialgebra on H*(M) and H*(M), 
coming from Curr*(M) and f2*(M), respectively. We can transfer the Frotf j.- 
bialgebra structures on Curr^(M) and f2*(M) given in the previous section to ho- 
mology and cohomology by a contraction. The contraction is given by using the 
heat kernel for t — oo to project onto the harmonic forms. The chain map in the 
contraction is : W(M) — > H*(M) with chain homology L^, and similarly for 
currents. The transfer of structure was described in Section [3.21 

The second way is to consider the cyclic Coo-algebra structure on H*(M). The 
Coo-algebra is induced by the wedge product on differential forms (A or equivalently 
Ao in our notation), and the cyclic structure is given by Poincare Duality. Applying 
the functor 

D : cyclic operads — > dioperads 
to the map cyclic Coo — > End(H*(M)) defines a Frob^ -bialgebra on H*(M), as 



described in Section 2.4 Since Poincare duality and Coo-algebra on H*(M) are 
homotopy invariants of M, showing that the two minimal models are the same proves 
the main claim of the paper. 

We break the proof up into four statements relating the various algebraic struc- 
tures on currents and forms. 

(1) (Curr*(M),{m T ' t }) is a Frofc^-bialgebra. The differential forms fi*(M) is 
a sub-algebra of Curr*(M). 

(2) The linear dual of (f2*(M), {m^*}) is (Curr^(M), {m T >*}). 

(3) The Fro6 ^-bialgebra (ft* (M), {m„'*}) induces a Fro6^ -bialgebra on H * (M) 
and the Frofo^-bialgebra on (Curr*(M), {to T '*}, ) induces Fr ob^ -bialgebra 
on H*(M). These models are dual to each other. 

(4) The Poincare Duality isomorphism from H*(M) — > H*(M) identifies the 
structure maps {to* ■} in the minimal model for H*{M) with the structure 
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maps for H*(M). That is, the following diagram commutes 

m 1 ■ 

H*(M)® 1 — ^ H*(M)® j 

m 4 

H*(M)® 1 — ^ H*(M)®3. 



Statement M is a summary of the work in Sections 5.3 and | 5.4 l wh ere we con- 
structed Frob ^, -bialgebras . Statement ^ is proved in Proposition 5.3 Statement 
([3]) is the same as ^ after passing to minimal models. That is, ^ is a corollary of 
5.3 Finally, statement Q follows from the fact that the cup product on cohomology 



and intersection product on homology are Poincare dual operations. 

Theorem 6.1. The Frob^-bialgebra on H*(M) induced by TCFT on Q*(M) is a 
homotopy invariant of the manifold. 

Proof. We show that the Fro&^-bialgebra on H*(M) is induced by the cyclic Coo- 
algebra on H*(M). The Coo-algebra on H*(M) is obtained by transferring the 
commutative algebra structure (fl*(M),A) to H*(M). The cyclic structure is given 
by capping with the fundamental class [M]. Since the Coo-algebra and D[M] are 
known to be homotopy invariants, showing that the two -FVofe^-bialgebras are the 
same proves the claim. 

shows that the maps m, : H*(M)® X -» H*(M) are equal to the maps 



m 



Lemma 

t 

i.i 



5.2 



H*{M)® 1 -> H*(M) given by the minimal model for (0*(M),A t ). We write 
the maps m< as m^i. 

The dual of m M : H*{M)® 1 -> H*(M) is a map c M : H*(M) -> H*(M)®\ 
By statement {cj} defines the coalgebra maps in the i^rofr^-algebra on H*(M) 
coming from currents. Using Poincare duality isomorphism between H* (M) and 
H*(M) and the maps {c M : H*(M) -> H*(M) m }, we obtain maps {mi,, : H*{M) -> 
H*(M)® 1 }. By statement [4j these maps are the coalgebra maps in the Frob^- 
bialgebra on H*(M). 

So far, we have shown that m^i — m\ x and mij = "tn\y We need to show 
that this is true for general map m T £ End°(H*(M)). Recall that m T '* is defined 
by compositions of {wfi} and {m* ,•/}. Looking at the definition of the functor 
D : {cyclic operads} — > {dioperads}, we see that the same is true for for mjj. That 
is, vriij is also defined by compositions of {m^i} and {mij'}. So we see that the 
two Frofooo-bialgebras on H*(M) are the same. 

□ 
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